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Quantum cohomology is a family of new ring structures on the space of cohomology 
classes of a compact symplectic manifold (or a smooth projective variety) V. The quan- 
tum products are defined by third order partial derivatives of the generating function of 
primary Gromov-Witten invariants of V (cf. ||RT1|] ). In a similar way, using the generat- 
ing function of all descendant Gromov-Witten invariants, we can define products on an 
infinite dimensional vector space, called the big phase space, which can be thought of as 
a product of infinite copies of the small phase space H*{V; C). It seems that the products 
on the big phase space have not gotten enough attention in the literature so far. In this 
paper we will study some basic structures of such products and apply them to the study 
of topological recursion relations and the Virasoro conjecture. 

The Virasoro conjecture predicts that the generating function of the Gromov-Witten 
invariants is annihilated by infinitely many differential operators, denoted by {L„ | n > 
—1}, which form a half branch of the Virasoro algebra. This conjecture was proposed by 
Eguchi, Hori and Xiong [ hlHX ] and also by S. Katz (cf. ||CK|] |[EJX |). It is a natural gener- 



alization of a conjecture of Witten (cf. ||W2|| ||Ko|| |[W2|| ) and provides a powerful tool in the 
computation of Gromov-Witten invariants. The genus-0 Virasoro conjecture was proved 
LT|| (cf. ||DZ2|| and ||G2|| for alternative proofs). The genus-1 Virasoro conjecture for 



m 



manifolds with semisimple quantum cohomology was proved in ||DZ2|] . Without assuming 
semisimplicity, the genus-1 Virasoro conjecture was reduced to the genus-1 Li-constraint 
on the small phase space in ||L1|| . It was also proved in ||L1|| ||L2|| that the genus-1 Virasoro 
conjecture holds if the quantum cohomology is not too degenerate (a condition weaker 
than semisimplicity). 

The genus- Virasoro conjecture with g > 1 can be formulated in a way which com- 
putes the derivatives of the genus-f/ generating function along a sequence of vector fields, 
called the Virasoro vector fields (see Section |5.1D . The study of the properties of these 
vector fields will be important in both proving and applying the Virasoro conjecture in 
all genera. In this paper we will give a simple recursive description of the Virasoro vector 
fields (see equation and Theorem ^I7|) . This recursive description enables us to un- 
derstand the relations between the Virasoro vector fields and the quantum powers of the 
Euler vector field defined by equation (pT]). The action of the Virasoro vector fields on the 
generating function of genus-^f Gromov-Witten invariants is equivalent to the action of a 
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sequence of vector fields constructed from quantum powers of the Euler vector field. To 
prove this fact, we need to use the quantum product on the big phase space to reinterpret 
genus-(7 topological recursion relations. The most important difference between the quan- 
tum product on the big phase space and the one on the small phase space is that there is 
no identity element for the product on the big phase space. The best candidate for the 
identity is the string vector field defined by equation (|l|). However, this vector field is 
not an identity in the usual sense. How close this vector field is to an identity is reflected 
through various topological recursion relations. Such interpretation of topological recur- 
sion relations will be very useful in the study of Virasoro conjecture. For example, this 
will enable us to represent all the vector fields obtained from the Virasoro vector fields un- 
der certain naturally defined operations in terms of twisted quantum powers of the Euler 
vector field (cf. Theorem and the comments afterwards). This explains why Virasoro 
constraints are very powerful for manifolds with semisimple quantum cohomology, as in 
this case the quantum powers of the Euler vector field span the space of primary vector 
fields. 

We believe that the structures defined in this paper will be very useful in the study of 
the Virasoro conjecture for all genera. As a demonstration, we will apply these structures 
to the genus-2 Virasoro conjecture. The study of the genus-2 Virasoro conjecture is im- 
portant because this is the first case that we do not have a formula to reduce the problem 
to the small phase space. The behavior of the Virasoro conjecture in this case will provide 
much needed insight in what we should expect in the higher genus cases. Moreover the 
techniques developed here could be easily adapted to the study of higher genus Virasoro 
conjecture. In this paper, we will prove that for any manifold, the genus-2 Virasoro con- 
jecture holds if and only if the genus-1 and genus-2 Li-constraints hold(see Theorem ^.9|) . 
The main reason for this result is that for n > 2, the genus-2 part of the genus-2 L„- 
constraint can be recursively computed from the genus-2 part of the genus-2 Li-constraint 
(See Corollary p.l2| for the precise recursion formula). In the case that the quantum co- 
homology of the underlying manifold is not too degenerate (in particular is semisimple), 
such recursion formula also uniquely determines the genus-2 part of Li-constraint (see 
Theorem |5.17| ). Therefore the genus-2 Virasoro conjecture for such manifolds can now be 
reduced to a genus-1 problem. To complete the proof of the genus-2 Virasoro conjecture 
for this case would involve more detailed analysis of the complicated tensors Ai, and 
B used in equations (|19D - (0). We will do this in a separate paper. We notice that the 
first 3 Virasoro operators {L_i,Lo,-Li} form a 3-dimensional subalgebra of the Virasoro 
algebra which is isomorphic to s/(2). So Theorem ^]9| in particular implies that for any 
manifold, the s/(2) symmetry of the genus-2 generating function is sufficient to deduce 
the genus-2 Virasoro conjecture. Similar situation also occurred in the genus-1 case (cf. 
CT[|). We wonder whether the same pattern will continue for all genera. 

The major application of the genus-(7 Virasoro conjecture is to compute the genus-(7 
generating function of the Gromov-Witten invariants in terms of data with genus less than 
g. Although in principle this can be done if the quantum cohomology is semisimple, it is 
not easy to solve the genus-g' generating function explicitly from the Virasoro constraints 
for general manifolds with semisimple quantum cohomology. Recently Dubrovin- Zhang 



2 



and Eguchi-Getzler-Xiong computed the genus-2 generating function for Frobenius man- 
ifolds with two primary fields assuming that the genus-2 Virasoro constraints hold (cf. 
EGX|| ). Note that in the Gromov-Witten theory, only CP^ has two primary fields. In 



this paper, we will prove (without assuming the Virasoro constraints) that the genus-2 
generating function can be expressed explicitly in terms of genus-0 and genus-1 data if 
the quantum cohomology of the underlying manifold is not too degenerate (in particular, 
if the quantum cohomology is semisimple) (see Theorem |5.17| ). As proved in ||DZ1|| , the 
genus-1 generating function can be expressed explicitly in terms of genus-0 data when 
the quantum cohomology is semisimple. Therefore Theorem |5.17| also implies that the 
genus-2 generating function can be expressed explicitly in terms of genus-0 data in the 
semisimple case. 

It will be interesting to see how many ingredients are needed in the study of the 
genus-2 Virasoro conjecture. For this purpose, we need to study relations among the 
genus-2 topological recursion relations in ||G1|| and ||Bh1 ] (see equations (|I6|) - (p!8|)) . In 
this paper, we will show that equation (^) implies equation ([T6|) (see Theorems |2.6| ), and 
equation (|1^) together with equation ( [T8| ) also implies equation (0) (see Theorem |2.9| ). 
This tells us that, at least for manifolds whose quantum cohomology is not too degenerate, 
the number of ingredients needed in the study of the genus-2 Virasoro conjecture is the 
same as that for the genus-1 case. It will be interesting to investigate whether this 
phenomenon will continue in higher genus cases. 

This paper is organized as follows. In Section |l|, we define the quantum product on 
the big phase space. In Section |, we first re-formulate topological recursion relations 
using an operator T which measures the difference between the string vector field and 
an identity of the quantum product, and then apply it to study relations among genus-2 
topological recursion relations. In Section ^, we study properties of quantum powers of 
the Euler vector field. Most properties of these vector fields can be derived from the 
quasi- homogeneity equation (P^. In particular, the recursive operator R used to describe 
the Virasoro vector fields arrive naturally in the study of the quasi-homogeneity equation 
(see Theorem [3.91 ). Section ^ is devoted to the study of properties of the Virasoro vector 
fields, in particular their relation with quantum powers of the Euler vector field. Using 
the operator T and its right inverse, we can produce some Lie algebras which contains the 
Lie algebra of Virasoro vector fields as a proper subalgebra. In particular, we will give a 
realization of the Lie algebra of integral pseudo-differential operators on the unit circle. 
In Section ^ we first formulate the Virasoro conjecture using recursive operators, and 
then study the genus-2 Virasoro conjecture. For manifolds whose quantum cohomology is 
not too degenerate, we explicitly solve the genus-2 generating function in terms of genus-0 



and genus-1 data in Section |5.4| . In the proof of Theorem |5.17| , we need a lemma which 
is proven in the appendix. 

Part of this paper was written when the author visited MIT in the spring 2001. The 
author would like to thank MIT for hospitality and G. Tian for helpful discussions. 
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1 Quantum Product on the big phase space 



For simplicity, we assume that y is a smooth projective variety with H°'^'^{V;C) = 0. 
All results in this paper are also true for compact symplectic manifolds except those in 
Section |5l^ . Choose a basis {71, 72, ... , ^n} of H*(y; C) with 71 equal to the identity of 
the ordinary cohomology ring. Let 

( '^ni (7ai) '^n2 (7^2 ) • • • ''""fc (Tctfe) ) g 

be the genus-g' descendant Gromov-Witten invariant associated to 'jai, ■ ■ ■ , la^ and non- 
negative integers ni , . . . , (which represent the powers of the first Chern classes of certain 
tautological line bundles over the moduli space of stable maps from genus-(7 curves to V 
with k marked points) (cf. |[W1|| ||RT2|| ) . The genus-(7 generating function is defined to be 



^9 = E r[ E C ■ ■ {rn,{la,)rnAlc.2) ■ ■ ■ ^n,(7«J )g , 

k>0 

ni,...,nfe 

where {t" |nGZ+,a=l,---, A^} is an infinite set of parameters. We can think of these 
parameters as coordinates on an infinite dimensional vector space, called the big phase 
space. The finite dimensional subspace defined by {t" = if n > 0} is called the small 
phase space. The function Fg is understood as a formal power series of t". As in ||L'1|| , it 
is convenient to introduce a fc-tensor (( )) defined by 

k 

Qk 

(iWiyv2---yVk))g ■■= E fL,m---fL,»k ^§7^7797^; — w^^^' 

for (formal) vector fields Wj = J2m,a fm,a where q, are (formal) functions on the big 
phase space. We can also view this tensor as the k-th covariant derivative of Fg. This 
tensor is called the k-point (correlation) function. We will always identify 't:„(7q,) with 
the tangent vector field ^ on the big phase space and abbreviate to(7q,) as 7^. We also 
consider Tn^'ja) with n < as a zero vector field. Let 77^/3 = /v7a U 7/3 be the Poincare 
pairing. We use t] = {rjap) and its inverse ri~^ = (77"^) to lower and raise indices. So 
''n(7°) = v"^^ 'Tnin li) ■ Here we adopt the convention of summing over repeated indices. 
We call a vector field W = Y.m,a fm,a'Tm{,1a) a primary vector field if fm,a = whenever 
m > 0, a descendant vector field if fm,a = whenever m = 0. 

For any two vector fields U and W on the big phase, define the quantum product 
of U and W by 

U.W.= ((WW7"))o7a- 

By definition, the quantum product of two vector fields is always a primary vector field. 
This product is apparently commutative. It is also associative due to the generalized 
WDVV equation 



(( Wi W27" ))o (( 7a W3W4 ))o = (( Wi W37° ))o (( lamm )) 



' 



4 



which follows in turn from the genus-0 topological recursion relation (cf. |[W1|| ). When 



restricted to tangent vector fields on the small phase, this is precisely the product in the 
quantum cohomology of V (also called the big quantum cohomology by some authors). 
For any vector field W on the big phase space, we define W'^ to be the A;-th quantum 
power of W. i.e., 

W'^ = W • W • • ■ ■ W, 

k 

for A: > 0. 

For the quantum product on the small phase space, the constant vector field 71, which 
was chosen to be the identity of the ordinary cohomology ring, is also the identity for the 
quantum cohomology. However on the big phase space, there is no identity vector field 
for the quantum product. A vector field which is close to an identity is the string vector 
field 

S = -Y.Crm^lha), (1) 

where t"^ = — This vector field can be considered as a sort of identity in the 

following sense: 

Lemma 1.1 (i) S • W = W for any primary vector field W. 

(ii) 5 • W • W = W • W for all vector fields U and W. 

Proof: This is a consequence of the string equation 

{{S)), = ls,,oV.f^t^tl 

In fact, taking second derivatives of the genus-0 string equation, we obtain S^al^ ))o ~ 
5f for all a and (3 (cf. ||LT| , Lemma 1.1]). This is equivalent to (i). The second formula 
follows from the associativity of the quantum product and (i) since W • W is a primary 
vector field by definition. □ 

We define an equivalence relation between two vector fields on the big phase space: 

Definition 1.2 We say two vectors U and W are equivalent, denoted by W ~ W, if 
. V = W • V for all vector fields V. 

The first formula in Lemma |1.1| implies that two primary vector fields are equivalent if 



and only if they are equal. The second formula in Lemma LI is equivalent to 

for any W. Therefore we can say that S is an identity in this weak sense. Since iS • W 
is always a primary vector field, this relation also tells us that any vector field on the big 
phase space is equivalent to a primary vector field. Moreover if W is a primary vector 
field, then for any vector field W, 

W ^ S •W = U. (2) 
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For the convenience of later computations, we define 



W:=S»W (3) 

for any vector field W. In particular, Lemma implies that S is the identity of the 
subalgebra of all primary vector fields with respect to the quantum product. Note that 
when restricted to the small phase space, both S and S are equal to the identity of the 
ordinary (and the quantum) cohomology ring. 

It is also convenient to introduce the following (functionally) linear transformations 
on the space of vector fields on the big phase space: 

Definition 1.3 For any vector field W = J2n,a fn,a'^n{la) , define 

r+(>V) := J2 fn,aTn+l{-fa), T_{W) := ^ fn,aTn-lha), 

n,a n,a 

T{W) := r+(>V) - ((>V7°))o7a, ^(W) := E/o,«7a- 

a 

Then 

r+r_(W) = W - n{W), r_r+(W) = r_T(W) = W. 
Moreover the genus-0 string equation implies that (cf. [ [CT| , Lemma 1.1]) 

W = ((r_(W)7"))o7a + vr(W). (4) 

An immediate consequence of this formula is the following: 

T{W)=r+{W)-S»T4W) (5) 

for any vector field W. Based on this formula and the fact that W — 5«W = 0ifVVisa 
primary vector field, we can interpret the operator T as a measurement of the difference 
between S and a true identity of the quantum product on the big phase space. We have 
the following characterization for the vectors which are equivalent to 0. 

Lemma 1.4 For any vector field W, 

>V~0 ^ >V = T(r_(>V)) 

^ W = T{U) for some U. 

Remark: First derivatives of the string equation gives us {{Sj" ))q = (cf. [^T|, Lemma 
1.1 (2)]). Therefore 

T{S) = V 

where T> is the dilaton vector field defined by "D = — I]m,a 'Tm{la)- This lemma in 
particular implies that P ~ 0, which also follows from the dilaton equation 

{{V))^ = i2g-2)F, + j^xiV)S,,, 
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(cf. |P!jT| , Lemma 1.2]). Moreover T{V) ~ is equivalent to |[LT] , Lemma 5.2 (2)], which is 
also equivalent to the genus-0 £i constraint. Similar reasoning also applies to the genus-0 
C2 constraint by considering the vector field T{R{T>)) where R is defined in Definition |3^ . 
Proof of Lemma p..4j : By equation @, for any vector field W, 

W = T+(r_(W)) +7r(W) 

= t{t4w)) + s • t+{t4w)) + tt{w) 

= T{t4W))+S»{W -n{W)) + n{W). 

Since S • 7r(W) = 7r(>V), we have 

W = T{r4W)) + W. (6) 

In particular, W = T(r_(>V)) if W ~ 0. On the other hand, equation implies T(U) ~ 
for any U since W ~ W for all W. □ 

Let V be the covariant derivative defined by 

VvW = ^(V/„,„)r„(7,) 
for any vector fields V and W = J2m,a fm,a 'Tmina)- Then we have 

k 

v((WiW2 ...Wfe )), = (( vwi ... wo), + E(("^i ••• (VvW,) (r) 

for any vector fields V and VU,-. In particular, we have 

Vv(W«W) = ((VWW7°))o7a + (VvW) •W + W«(VvW) (8) 

for any vector fields V and W. The following formulas will be useful in the study of 
topological recursion relations: 

Lemma 1.5 For all vector fields V and W, 

(1) Vvr+(W)=T+(VvW). 

(2) Vvr_(W) =T_(VvW). 

(3) Vvr(W) =T(VvW) - V« W. 

Proof: It is straightforward to check (1) and (2). Hence 

VvT(W) = Vvr+(W)-(V((W7"))o)7a 

= r+(VvW) - (( (VvW) 7" ))o 7a - (( V W7" ))o 7a 

= T(Vv>V) - V • W. 

This proves (3). □ 
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Corollary 1.6 For any vector fields Wi, VV2, and V, 

(( Wi W2 T ( V ) 7" )) 7a = Wi • W2 • V . 

Proof: By equation 

(( Wi W2 T(V) 7° ))o 7a = Vwi(>V2 • r(V)) - (Vw, W2) • T(V) - W2 • (VwiT(V)). 

The first two terms on the right hand side vanish since T(V) ~ 0. The corollary then 
follows from Lemma |1.5| . □ 

As a consequence of equation (||), we also have 

Corollary 1.7 For any vector fields Wi, VV2, and V, 

Vt(v)(Wi • W2) = (Vt(v)>Vi) • W2 + Wi • (Vt(v)W2) + Wi • W2 • V. 

Since T(V) ~ 0, this corollary implies that Vt2(v) is a derivation of the quantum product 
for any vector field V. Since covariant derivatives preserve the space of primary vector 
fields, Vt2(v) and the quantum product produce a holomorphic vertex algebra structure 
on this space (cf. ||Ka| ]). 

Taking derivatives of the equation in Corollary |1.6|, we have 



((WlW2W3T(V)7"))o7a = (({V.Wl}W2W3 7"))o7a 

+ (({V.W2}WiW3 7"))o7a 

+ ((VWlW2{W3«7"}))o7a (9) 

and 

((WiW2W3W4r(V)7"))o7a = E(({V.W}Wl ... W ... W47°))„7a 



i=l 

+ ((VWiW2W3{W4«7"}))o7a 

+ (( V Wi W2 7^" )) „ (( 7/3 W3 W4 7 " )) 7a 

+ ((VWlW3 7^))o((7/3W2W4 7"))o7a 

V W2 W3 7^ )), (( 7/3 Wi W4 7" ))o 7a (10) 



for all vector fields. These formulas will be useful later when we study the genus-2 Virasoro 
conjecture. For A; > 1, an induction on k shows that 

((t^(W)Vi ■■■ Vfc7")),7a = 0. (11) 

We collect some useful formulas for the string vector field in the following 
Lemma 1.8 

(1) Vw5 = -r_(W). 

(2) (( 5 V W 7" ))o = (( (V) W 7" ))o + (( V r_ ( W) 7" ))o ■ 

(3) W (( 5 5 7" ))o = (( W r_ (S) 7" ))o - (( r_ ( W) 5 7° ))o • 
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Proof: The first formula follows from the definition of S. The genus-0 string equation 
implies that 

for all Tm(7^) and r„(7^). By linearity of the correlation functions, this implies the second 
formula. The last formula follows from the first two formulas and equation (0). □ 

Lemma |1.8| (2) and equation implies V5 is a derivation of the quantum product 
on the space of primary vector fields and therefore also produce a holomorphic vertex 
algebra structure. 

Using Lemma |1.8| (1) and Lemma [1.5| (3), we obtain 

Wt^(s)T\S) = -T'=+™-i(5). 

Therefore, 

[T\S), T'"(5)] =0 

for all k,m > 0. 

Another application of Lemma (1) is that 

k 1 

for any vector fields Wi, . . . , Wk, where V'^ is the fc-th covariant derivative. This formula 
is obtained by repeatedly taking derivatives on both sides of the string equation and 
applying equation (|^). 



2 Applications to topological recursion relations 

It seems that the quantum product on the big phase space provides appropriate algebraic 
machinery for studying problems on the big phase space, e.g. the Virasoro conjecture 
and topological recursion relations. We first consider the topological recursion relations 
in this section and postpone the Virasoro conjecture to later sections. 

Lemma indicates that the transformation T trivializes vector fields at the genus-0 
level. In some sense, all known topological recursion relations seem to indicate how this 
operator trivialize vector fields for various genera. Let us first see the cases of genus less 
than or equal to 2. 

Since 

the coefficient of 7^ for T(t„(7q,)) • 7:^(7/3) is 

(( r„+i(7a) r^ilis) Y ))o - (( ^"(7^) 1^ ))o (( 7m ^Ulis) Y ))o • 

The vanishing of this quantity is the most important case of the genus-0 topological 
recursion relation (in particular, it implies the associativity of the quantum product on 
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the big phase space). Therefore T(t„(7o)) ~ is equivalent to this special case of the 
genus-0 topological recursion relation. 

The genus- 1 topological recursion relation is the following: 

(( t:„+i(7«) ))i = (( tM r ))o (( 7, ))i + ^ (( r„(7a) 7^ 7. ))o • 



This formula is equivalent to 



((nW))), = ^((W7^7.))o (13) 

for any vector field W. For 51 > 0, we call a vector field W trivial at the genus-g level if 
{{yV))g can be represented by data of genera less than g. Then the genus-1 topological 
recursion relation just means that T(VV) is trivial at the genus-1 level for all W. 
Taking derivatives of equation ([1^) and using Lemma |1.5| , we have 

{{TmV)), = (({W.V}))i + ^((>VV7'^7.))o (14) 

and 

((T(>V)ViV2))i = (({>V.Vi}V2))i + (({>V.V2}Vi))i + ((WViV27"))o((7a))i 

+^((WViV2 7^7m))o (15) 

for all vector fields. These formulas will be used later. 

The genus-2 topological recursion relations are much more complicated than genus-0 
and genus-1 topological recursion relations. The following two recursion relations were 
found in [|G1|| : 

{{r,+2{x))), = ((r.+i(x)7"))o((7«))2+((^.(^)7"))o((Ti(7.)))2 

- (( r.{x) 7" ))o (( la 1' ))^ (( 1, )), + ^ (( n{x) 7" 1^ ))^ {{ 7„ h (( ))i 

+ ^ (( ^^(^) r 1' ))„ (( la 1, )), - ^ (( r.(x) 7. ))i (( r 1, 1' ))„ 

+ ^ (( -^(-) 7a r 1' )), (( 7. )), + ^ (( r.ix) r la 1' 1, )\ (16) 

for z > and x G {71, . . . , 7Ar}, and 

(( r,+i (x) Tj+i (y) = (( Ti+i (x) 7" (( 7a Tj (?/) ))o + (( Ti (x) 7" ))o (( 7„ Tj+i (t/) 

- (( n{x) r ))o (( rAv) 1' )), {{ la IP h + 3 (( r^ix) r,(y) ^ ))o (( ^(7^) h 

-3 (( T,(x) r,(y) 7" ))o (( 7a l' ))^ {{ 1, )), + ^ (( n{x) r,{y) ^ 7" )) ^ {{ 7. )), ((7/3 h 

+^ (( T.(x) 7. h (( 7" r, (y) 7^ ))^ (( 7/3 ))i + ^ (( r.(x) 7" l' (( r,(y) 7„ h (( 7/3 ))i 
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^ (( r,(x) r,(y) r ))o (( 7« 7^^ »i (( 7/. ))i + ^ (( ^^(^) ^.(?/) 7" 7. l' )) , (( 7/3 ))i 



+^ (( ^^(^) 7" 7. ))„ (( 7/3 )), + ^ (( r,(y) 7" 7« 7^ ))^ (( 7/3 )), 

(( ^.(^) (2/) r ))i (( 7. 7^ 7/3 ))„ + ^ (( r.(x) r, (y) 7" 7" ))^ (( 7. 7/3 ))i 

+^ (( 7" 7'' ))„ (( 7a 7/3 )), + ^ (( r,(y) 7" 7" ))^ (( 7a 7/3 )), 

(( rAy) r ))o (( 7a 7^ 7/3 ))^ + ^ (( nix) r, (y) 7" 7^ 7^ 7/3 ))„ (17) 
for ^, i > and x,y ^ {71, . . . , 7Ar}. Another genus-2 recursion relation was found in [ [BP|| : 

= E -'^ {{n^mi^a(l)) 7a 7'^ ))(,(( 7" K(2)(a;.(2)) K(3)(2^-(3))))o((7/3))2 



^7653 

Tv(2)(^(7(2)) n^(3)iXa{3)) 7" ))q (('ri(7a) ))2 

-2((ri^(,)(x,(i)) ri^(,)(x,(2)) r,^(3)(x.(3)) 7" ))q (( 7a 7^ (( 7/3 ))2 

+3 (( 7a ))^ (( 7" T-,^(2)(^-(2)) T-*.(3)(a^<x{3)) )) ^ 

-3 (( ^v(i) (a^a(i)) 7° ))o (( (a^-{2)) n^^s) (^-(3)) 7^ ))q (( 7a7/3 ))s 

-3((Tv(i)(a;a(l)) ^l(7a)))2((7" 'rM2)(a^a(2)) n^(,^{x.(3)) )) ^ 

+3 (( T-^^d) (2^.(1)) 7a ))^ {{Tip ))o (( 7^ n„(2){^a{2)) 7-*,(3) (^^a^) ) 

+ ^ (( 7-^(1) n^^^^{Xa(2)) ri^(3) (2:^(3)) 7"7''))q ((7a))i ((7/3))i 
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T,- r,^,2)(3;-(2)) 7" 7^ ))g (( 7a ))i (( 7,3 n^^^Maiz)))) ^ 



+— {{ n^^,^ T T ))o (( 7a ))i (( 7/3 ^-^(2, (2:^(2)) n^^^^ (a;a(3)) ))^ 

18 

- Y (( n^^,, 7a ))^ (( T ^v(2) (2;<x(2)) 7^ ))o (( 7/3 7-i^,3) (a;a(3)) ))^ 

6 

-- (( Ti^„) (x,(2)) r,^(3^ (x,(3)) 7" ))o (( 7a 7^ (( 7/3 ))i 

+ ^ (( Ti^j^j 7„ ))^ (( 7" 7^ ))^ (( 7^ Ti^^^j (x,(2)) r,^(3j (x,(3)) ))^ 
-- ((7a))i ((7" 7/3 ))^ ((7^ 1-^.(2)(a^a(2)) ri^(3)(a^<x(3)) ))q 

+ (( ^V(i) i^-m) K(3) (^-(3)) 7" 7a T ))q (( 7/3 ))i 

"i^ (( ^V(i) (^-(1)) ^V(2) (^<.{2)) 7" 7a T ))q (( 7/3 ^*.(3) (2^a(3)) ))^ 
+ (( ""^-(1) (""-(l)) ))o (( ""^-(2) (^-(2)) Tv(3) (a^<x(3)) ))^ 



40 

1 

120 

11 



L (( T-i^d) (2^<x{i)) ri^(2) (a;a(2)) ri^(3) (a;a(3)) 7a (( 7" 7^ 7/3 ))^ 



+ (( ""^-(1) (^-(1)) ^^-(2) (^-(2)) '^^.(3) (^-(3)) 7° 7^ ))o (( la 7/3 ))i 
" n^^,) (^-(1)) 7a 7/3 ))^ (( 7" 7^ ^V(2) {^.(2)) ^V(3) (^-(3)) ))j 
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+ 



(( ^v(i) ^v(2) (^<x{2)) 7a 7/3 ))^ (( 7" 7^ ^v(3) (a^<x{3)) )) ^ 

(( ""Vd) (^-(1)) ^V(2) (^-(2)) 7-V(3) (^<x(3)) 7" ))q (( 7° 7^" 7/3 

-^((^Mi)(2^-{1)) 7" 7a 7/3))^ ((7^ ^M2)(^-(2)) ^M3)(^-{3))))o' (18) 

where ii,Z2,«3 > 0, Xi,X2,x^ G {71, . . . , 7Ar}, and 5*3 is the symmetry group of three 
elements. 

Unhke the genus-1 case, T(VV) is no longer trivial at the genus-2 level in general. In 
fact, the genus-2 dilaton equation implies 

mS))), = {{V)), = 2F,. 

Unless that F2 can be expressed as a function of Fq and Fi, T{S) is not trivial at the genus- 
2 level. However, the topological recursion relation (|l6|) implies that T'^{W) := T{T{W)) 
is trivial at the genus-2 level for all vector field W. 



The genus-2 topological recursion relations (|T^) - ( pTSD can be represented in the fol- 
lowing forms respectively: For any vector fields W, V, Wi, >V2, and W3 on the big phase 
space, 



and 



where 



T\W)))^ = A,{W), (19) 
(( T(W) T(V) ))2 - 3 (( r(W . V) ))2 = A2(W, V) , (20) 



2 (( {Wi . W2 • Ws} ))2 - 2 (( Wi W2 W3 7" ))o (( ^(7a) ))2 
(( T(Wl) {W2 • W3} ))2 + (( Wl T(W2 • W3) ))2 
(( T(W2) {Wi . W3} ))2 + (( W2 T(Wi . W3) ))2 

((T(W3){Wl.W2}))2 + ((>V3r(>Vl.W2)))2 = 5(Wl,>V2,W3), (21) 



^i(W) = ^((7a))i(({7"-W})), + ^((7a{7".W})), 

^ ((W{7a.7n))i + ^((W7a7"70)o«^/^))i 



240 " ' ' ' ' 240 w ' ' ' //o 
^2(>V,V) = ^((WV7"70>o<(^-))i«^/^))i + ^<"^^"))i<<i^"*^}))i 



12 



23 

+ 



WV 7" 7a 7^)0 7/5 ))i + i (( >^ 7" 7a t'' )), (( 7/3 V )), 



240 W ' ' ' //o " "^"1 48 



■ ^ {{ W V 7 " 7O) 7" )) 1 + ^ 7" i 7 " • ^ > )) 1 



S(>Vi,W2,>V3) 

^ (( Wi W2 W3 7" 7^ ))„ (( 7a ))i (( 7/3 ))i - ^ (( Wi W2 VV3 7" ))o (( 7a 7^ )), (( 7/3 ))i 

+ t4^ (( ^1 ^2 W3 7" 7a 7^" )), (( 7/3 ))i - (( Wi W2 W3 {7" • 7a} ))i 



120 w ' ' //o " '^"^ 120 

+ 1 >V, W2 W3 7" 7^) 7" )) 1 - ^ (( W3 7" )) (( 7a 7^ 7/3 )) ^ 

E (( ^'rW W^(2) 7" 7^" ))„ (( 7a h {{ 7/3 W.(3) ))^ 
+ ^ E (( {^.(1) . 7a} )), (( r W.(2) W.(3) ))^ 

-I E (( Wc^d) {W.(2) . 7"} ))^ (( 7a W.(3) ))^ 

0-G53 

+ ^ E (( 7a )), (( 7" {>V.(2) . >V.(3)} ))^ 

E ((7a))i((7" >V.(1) W(2).>V.(3)}))^ 



0-GS3 

L 

80 



^ E (( >V.(1) >V.(2) 7" 7a 7^ ))„ (( 7/3 >V.(3) ))^ 
uGSs 

+ 4 E ((>V.(1) 7" 7a 7^)0 ((7/3 W.(2) >V.(3))), 

E ((>V.(1) 7a 7/3)), ((7" 7^ W.(2) 

+ ^ E ((>V.(1) >V.(2) 7a{7".W.(3)}))^ 



0-653 

E 7"7a{W.(2) . W.(3)}))^. 
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In particular, Ai, A2, and B are symmetric tensors only depending on genus-0 and genus- 1 
data. 

We now study relations among these genus-2 recursion relations. We first observe that 
equation ([19|) is equivalent to 



{{Tmh = ((r(W)))^ + A(r_(W)). (22) 

for any vector field W. The following two lemmas are formal consequences of ([T9|) or its 
equivalent form (^2j). 

Lemma 2.1 Equation ( [7^ implies 

{{t\V)W))^ = ((T(V.W)))2 + (VwAi)(V) 
for any vector fields V and W, where V^Ai is the covariant derivative of Ai defined by 

(VwAi) (V) = W Ai(V) - A(VwV). 

Proof: By equation 

((t^(V) w))^ = w{{t\V) ))^ - (({VwT^(V)} 
By equation (^) and Lemma [L^, we have 



T^(V) W X, = WAi(V)-((T(VwT(V))))2 + (({W.T(V)}: 



'2 • 



The last term on the right hand side vanishes since Tiy) ~ 0. Using Lemma |1.5| again, 
we have 



T\V)W))^ = WAi(V)-((T^(VwV)))^ + ((T(W.V))), 
The lemma then follows from equation (plQl). □ 
Corollary 2.2 Equation j^TSj) implies 

((r(V) T(W) ))^ = ((T(V) T(W) - (Vt(v) Ai) (r_(>V)) 
/or an?/ vector field V and W. 
Proof: Since W - W = T(r_(>V)), 



(( T(V) T(W) )), - {{ T(V) r( W ) ))^ = (( T(V) r^(r_(W)) ^ 
Applying Lemma and using the fact T{V) ~ 0, we obtain the desired formula. □ 



Since T(>V) = 0, if W is replaced by T(W) in Corollary we obtain 

r(v) t2(w))) =(Vt(v)Ai) (w) 



2 

for any vector field V and W. On the other hand, since T(V) ~ 0, if W is replaced by 
T(W) in equation (|20|), we obtain 

((t(v) r2(w)))^ = A2(v,r(w)). 

There are two consequences from these equations: 
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Corollary 2.3 Equations l \T^ ) and imply 

A,{V,T{W)) = (VTiv)Ai) (W) 
for any vector fields V and W. 

Remark: Note that both sides of the equation in Corollary |2.3| only involve genus-0 and 
genus-1 data. It might be possible to prove this relation by known genus-1 relations. Since 
our main interest in this paper is to study higher genus cases, we will not do this here. 



Corollary 2.4 Modulo the genus-1 relation in Corollary equation nSuj ) follows from 
equation ( fl^ j if one of the vector fields is equivalent to 0. 



A special case of Corollary |2.3| is the following 
Corollary 2.5 

A2iS,W) =3Ai(r_(W)) 

for any vector field W. 

Proof: This formula can be proved directly by using the derivatives of the string equation 
(0). On the other hand, it follows from derivatives of the string equation and the dilaton 
equation that 

=0 

if W is a primary vector field and 

VvAi = 3Ai. 

Therefore the formula in this corollary also follows from Corollary |2.3| by using equa- 
tion (§. □ 

In the opposite direction of Corollary p.4|, we have the following 



Theorem 2.6 The topological recursion relation ( |7^ j is a formal consequence of j^dj). 

Proof: The first derivatives of the genus-2 string equation and dilaton equation have the 
following form 

(( SW)), = (( r_(>V) )), , {{VW)), = 3{{Wh (23) 
for any vector field W. Since T{S) = V, applying equation (^) for V = iS, we obtain 

A,{S,W) = ((r(W)I?))2-3((T(W)))^ 
= 3((T(W)))2-3((r(W)))^ 
= 3((r(W- W)))^ = 3((r2(r_(W))))^ 
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for any vector field W. This is equivalent to equation ([1^) because of the Corollary |275| . 



□ 



Next, we study the relations between equations (^) and (^). If we replace W3 by 
T(V) in equation (pT]), we obtain 

+ ((r(v)T(Wi.W2))) 



= S(Wi,W2,T(V)). 
By Corollary |1.6| , this is equivalent to 



-2 (( T(Wi . W2 • V) ))2 - (( T\V) {Wi . W2} ))^ + (( T(V) r(Wi • 
S(Wi,W2,T(V)). 



On the other hand, by Theorem p.6| and Lemma we know that equation (^) implies 
-2 (( T(>Vi . W2 . V) ))2 - (( T'iV) {Wi . W2} ))^ + (( T(V) T(Wi . W2) 

= -(Vwi.W.Ai)(V)+A2(Wi.W2,V). 

Therefore we have the following two consequences 
Lemma 2.7 Equations and i^2l\ ) imply 

5(Wi, >V2,r(V)) = A2(>Vi . W2, V) - (Vwi.w.^i) (V) 

for all vector fields. 

Remark: Both sides of the equation in this lemma only involve genus-0 and genus- 1 
data. It might be possible to prove this equation directly using known genus- 1 relation. 
Again we will not do this in this paper. 



Lemma 2.8 Modulo the genus-1 relation in Lemma 'K^, equation follows from equa- 
tion (WW if one of the vector fields is equivalent to 0. 



In the opposite direction of Lemma 2.8, we have 



Theorem 2.9 Modulo the genus-1 relation in Lemma \27^ , the topological recursion rela- 
tion ( 1^ ^ is a formal consequence of the topological recursion relation ( |7^ and 



Proof: Since T(V) ~ 0, applying equation (|T]) for Wi = 5, W2 = T(V) and W3 = W, 
we obtain 

-2 (( S T(V) W7" ))o (( n^a) ))2 - (( T\V) W ))^ + (( r(V) T( W) ))^ = B{S, W, T(V)). 
By Lemma |1.8| , we have 

(( S T(V) W 7" X (( Tha) h = {{ T(V . W) )), . 
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The theorem then follows from Lemma ^TT| and Corollary p.2| (which in turn follows from 
equation ([T9|) ), and Lemma □ 



We now make a remark on higher genus topological recursion relation. For genus 
(7 = 1,2, the topological recursion relations ( |13|) and ([19|) are derived by using a formula 
for expressing the tautological class ipf (i.e. the g-th power of the first Chern class of 
the tautological line bundle defined by the cotangent space of each curve at the marked 
point) on the moduli space of stable curves Aig^i in terms of boundary classes. For general 
g, it was conjectured in ||G2|| that polynomials of degree g in the tautological classes ijji 
are boundary classes on Aig^n- This conjecture was proved in A somewhat stronger 
version for a special case of this conjecture would be ifjf is equal to a boundary class in 
M.g,i without genus-fyf components. This would imply the following 

T^iyV) is trivial at the genus— (7 level for g > 1. (24) 

The following topological recursion relation for all g > 1 was derived in [[ti]X|] under 



the assumption that the genus-^f generating function is a function of derivatives of genus-0 
generating function: 



33-2 

rn+3g^l{la)))g= J2 {{ ■rn+3g-2^j{la) 7/3 ))o 
j=0 



where Tq = 7^ and 



" fc=0 

An easy induction on j shows 

((r^(y)))^ = r? 

and the similar induction also shows that this topological recursion relation is precisely 

T3f-i(W))) =0 (25) 



for all vector field W. For g = 1 and 2, this equation follows from equations (0), (|T^, 
and (|T^). For general g, it follows from iffi'^ = on M.g,i since the complex dimension 
of M.g,i is 3(7 — 2. This was first observed by Getzler. 

To apply these topological recursion relations, we observe that 



W = T\t^_{W)) + T\tI{W)) (26) 



i=0 



for any vector field W and A; > 1. This formula is obtained by repeatedly applying 
equation (||). Since Ti(W) is a primary vector field, the descendant level of T*(ri(W)) is 
at most i. In applications, we can choose k large enough to apply the suitable topological 
recursion relations. For example, to apply equation (^), we would choose k = g. To 
apply equation (^), we would choose k = 3g — 1. 
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3 Quantum powers of the Euler vector field 

We now turn to the application of the quantum product on the big phase space to the 
Virasoro conjecture. As pointed in ||L'1]| , the most important vector field in studying the 
Virasoro conjecture is the Euler vector field, which is defined by 

X:=-J2(m + b^-h-l)CTM- E CfCw(7/3), (27) 

m,a m,a,l3 

where 

ba = (holomorphic dimension of 7q,) — -(complex dimension of V) + - 

and the matrix C = (Cf) is defined by ci{V) U 7q, = C^jp- For compact symplectic 
manifolds, the holomorphic dimension of 7q, can be replaced by a half of the real dimension 
of 7q, in the definition of ha- Moreover, the basis {71, . . . , 77v} of H*{V, C) can be chosen 
in a way such that the following holds: If 77°^ 7^ or r]a/3 7^ 0, then ba = 1 — bp, ^ 
implies bj3 = 1 + ba, and Ca/3 7^ implies b^ = —b^. 

The Euler vector field satisfies the following quasi-homogeneity equation 

{{X))^ = 2(61 + 1)(1 - g)F, + b.flY.C^pt'^oi - j cr{V) U c,_i(\/). (28) 

The genus-0 quasi-homogeneity equation implies (cf. ||LT| , Lemma 1.4 (3)]) 

(( 7-^(7.) ^r„(7^)))^ 
= ^mfl^nflCl + {m + n + ba + l-bp) (^(^ r„(7a) ^n(7'^) )) ^ 

+ {{rm-i{l,) rnh') ))^ + EC,^ {{rMrn-ihn ))o • (29) 

A special case of this formula is the following 

Therefore for any vector field W, 

W (( 7. A' 7^ )), = iba + l- bp) (( 7. W 7^ ))„ . (30) 

An immediate application of this formula is the following Virasoro type relation among 
the quantum powers of the Euler vector fields: 

Theorem 3.1 For m,k>0, ifW^X^ and V ~ X"^ , then 

[W,V] r^im-k) X"'+''-\ 
Here (and thereafter) is understood as S . 
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Proof: If W ~ then 



for all a, (3. Let M be the N x N matrix whose {a,P) entry is l^^a 1^ jj ^ and D be 
the diagonal matrix whose diagonal entries are 61, ... , h^- Then 

(( »o = (( 7m. 7^^^ ))o • • • (( 7.._. 7^^ ))o = (^')' • (31) 

Therefore, by equation (pO]), we have 

W M = DM'^ - M^D + M^ 
and consequently for any integer m > 0, 

m 

i=i 

Hence, if W ~ A''^ and V ~ Af"", then 

>VM™-VM^ = (m-A;)M'"+'=-^ (32) 

Since every vector on the big phase space is equivalent to a primary vector field, to prove 
the theorem, it suffices to show 

for all a. Since 7q, is a constant vector field, by equation (|]), we have 

7a»[W,V] = 7a • VwV - 7a • VvW 

= Vw(7a«V)- Vv(7a«>V) 
= Vw(7a«'^™)-Vv(7a«^'). 

Since for any m > 0, 

7,.A'™ = (M-)f7^ 

where (M"*)^ is the entry of M™, the theorem follows from equation (|32D. □ 

Since X ~ Af'^ for all k and Lie brackets of primary fields are always primary fields, 
we have 
Corollary 3.2 

[X\ X""] = {m-k) x"'^'''^ 

for all m,k > 0. 
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We also have 

Corollary 3.3 For m,k >0 and {m, k} ^ {0, 2}, 

Note that [S, X'^\ ^ 2X since [S, X"^] is a primary vector field but X contains descendant 
vector fields. In this case we have 

[S,X^] = 2X. 

Proof: A straightforward computation shows that 

[S, X] = s. 

If {m, k} 7^ {0, 1}, then [X^, X"^] is a primary vector field. So 



by Theorem In particular, 

[S.X"^] = 2X. 

If in addition {m, k} ^ {0, 2}, then (m — k) is also a primary vector field. So 

(m - k) A^'^+'^-i = {m-k) 

This proves the corollary. □ 

Another application of the quasi-homogeneity equation is the following 



Lemma 3.4 For any vector field W and integer k > 0, 

Vt(w)^^ = -W« x''. 
Proof: By formula and (|3l|), 

since T(>V) ~ 0. This formula is also true for /c = due to the string equation. Therefore, 
by Lemma |L8| , 

= -((W57"))o((7a^'7^)),7/3 



□ 
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Corollary 3.5 



for all m, k > 0. 
Proof: By Lemma |1.5|, 



T(V 



T(7?"') 



□ 



Corollary 3.6 For any vector field W and integer k>0, 



Proof: By Lemma and |L8 



Vt(w)(t-(5)) = T_(Vr(w)5) = -r_(W). 
Therefore by equation (§) , Corollary |l]6| and Theorem , 



Vr(w)(T"-('5) • X' 



(VT(w)(r-(5))). A' +t_(5).Vt(w)^' 



Jo 



+ {{T{W)t4S) X 7 

(-r_(w)) • x"" + T_(5) • (-W • 

+W«r_(5) • X^ 



□ 



So far we have only used very special cases of equation (^91). To take full advantage 
of this equation, we need to introduce two operations on the space of vector fields. 

Definition 3.7 For W = Em,a fm,arm{la) and V = T,m,a 9m,arm{la) , define 

W * V = ^ fm,agra,aTm{la) 



in,a 



and 



m,a,f3 
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We can think of "*" as a commutative and associative product on the space of vector 
fields with the identity 

2 ■.= '^Tm{'Ja)- (33) 

m,,a 

Another important vector field for this product is 

G ■.= T.i^ + bo.)rm{la). (34) 

Using this vector field, we can define another linear transformation on the space of vector 
fields: 

Definition 3.8 For any vector field W, define 

r{]a;) = g*T{w) + c{w). 

We then have the following 
Theorem 3.9 For any vector field W, 

WX = S» R{W) = RiW). 

Proof: Let W = E™,. fm {-fa). Then 

m,a,fi 

Applying equation (pQ]) to each 3-point functions on the right hand side, we have 

WX = (({^*W}7''))o7m + (1-M((W7'^))o7m 
+ (( {r_(C(>V))} r ))o 7m + E kaCUl,. 

a 

By equation (H), we have 

wx = s*{T4g*w)} + {i-b^){{ST4w)r))oif^ + ^*cm. 

On the other hand, it is straightforward to check that 

r+(^ *W) = g* r+(W) - r+(W) 
for any vector field W. Therefore 

wx = s*{g*T4w)}-b^{{Sr4w)^n)o^f^ + ^*cm 

= S»{g* T(W) + g*iS» r+(W))} -g*{S» r+(W)) +S» C(W). 

The middle terms in the last expression are cancelled since g * [S • t_|_(W)) is a primary 
vector field. This proves the theorem. □ 
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Corollary 3.10 // W ~ V, then ~ i?(V). 

Proof: R(W) ~ RiV) if and only if 5 • R(W) = S • R{V), which indeed follows from 
Theorem |3.9| . □ 

The following formula will be useful later. 

Lemma 3.11 For any vector field W, 

R{t_{W)) = r_(i?(W)) -g*W-w. 
Proof: It is straightforward to check that 

r_{g *W)=g* r_(W) + r_(>V) 

and 

r_(C(W)) = C(r_(W)) 
for any vector field W. Therefore 

r_(i?(W)) = ^* W + W + C(r_(>V)) 

= g*{T{T4W)) + W) + W + C{T_{W)) 

= R{T-{w)) + g*W + w. 

The lemma follows. □ 

Since T{S) = V, it is straightforward to check that 

R{S) =X + {bi + 1)V (35) 

So by Theorem RTPI and Lemma |3.11|, 



= s • {t_{r{s)) - g * - s) 

= s»iT4x + {h + i)v)-g*s^-s) 

= s»T4x) + biS^ -g*s\ 

Equivalently, we have 

S mT^X) = X mr^S) -biS"^ + g *S'^. (36) 
Another useful formula for the operator R is the following 
Lemma 3.12 For any vector fields W and V, 

Vv(i?(>V)) = i?(Vv>V) -g*{V»W). 
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Proof: It is straightforward to check that 

Vv(^ *W)=g* (VvW) and Vv(C(W)) = C(VvW) (37) 
for any vector fields W and V. Therefore 

Vv(i?(W)) = Vv{g*T(W)+C(W)) 

= ^ * Vvr(w) + c(VvW) 

= g* (T(VvW) - V • W) + C(VvW) 
= i?(VvW)-^*(V«>V). 

□ 

The quasi-homogeneity equation for all genera implies the following rule for eliminating 
the Euler vector field from a correlation function: 

Lemma 3.13 

k 

{{xw,---w,))^ = E((i^i---{^~^(>v.)}---wo), 

i=l 

- {{2g + k- 2)6i + 2((7 + - 1)} (( Wi ■ • ■ Wfc ))^ 

for any vector fields Wi, . . . ,Wk and k > 1. Here ... yy^ is the k-th covariant deriva- 
tive. Note that if g > or k > 2, the last term on the right hand side vanishes. 

Proof: It is straightforward to check that 

VwA" = -g *W + {bi + l)W -C{t4W)) 

= -R{T.{w))-g*w + + 



for any vector field W. By Lemma |3.11| , we also have 

VwA' = -r^R{W) + iW + 2)W. (38) 

It suffices to prove the lemma for parallel vector fields Wj since both sides of the equation 
are tensors in these vector fields. We observed that if W is parallel, i.e. VyW = for all 
V, then r_i?(W) is also parallel. In fact, by Lemma p..5| and Lemma p. 12 



Vv T^RiW) = r_i?(Vv>V) - r_(^ * (V • W)) = 

since W is parallel and g * [V • W) is a primary vector field. The lemma then follows 
from repeatedly taking derivatives of equation ( pSj) and using equation (|^. □ 



In case that W is a primary vector field, r_(W) = 0. Therefore by Lemma |3.11 

T_R{w) = g*w + w. 
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Hence the formula in Lemma |3.13| can be written as 

k 



i=l 



{k-2 + 2g + {2g + k-2)bi}{{Wi ...Wk)), 



for all primary fields Wi, . . . , Wfc and k > 2. 



2'-'Q!/3'-0 '•0 



(39) 



An immediate consequence of Lemma |3.13| is the following 
Lemma 3.14 



,7q 



2X^»T^{S) -SbiX"^ 

+2X'^ •{g*s) + 2x»{g*x)-g*x^, 

X^+^ • r_ (5) - 2bi X + X^+^ •{g*S) 



\x^ •{g* x) + x*{g* x^)-g*x\ 



XX"" X'r ))^lo 



+x''m{g* x"') + x"'m{g* X ), 

where m, k > 0. 

Proof: The last formula is a direct consequence of equation (|39D . Since by equation (H), 

X = T{t_{X))+X, 

corollary implies that 



XX x'^Y 



la 



X T{r^ {X)){X ') r ))^7a + {{xX X' r )), 7o 



X 



k+l 



T^{X) + ((X X X 



Jo 



and 



XXXj")),^^ 

[XTiT4x))xr))o^c. + ((xxxY 



X^»T^{X) + {{X X X-f 



la 



Jo 



2x'*t4x) + {{x X ^7";;„7o 

Therefore the first two equations in the lemma follows from the third equation and equa- 
tion (H). □ 

If a 4-point function does not contain X, but contains X'' with A; > 2, it can be 
computed by using the following lemma to create 4-point functions involving X. 
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Lemma 3.15 For any vector field W, Vi, V2, V3, and k >2, 

k-l 

2=1 
fc— 1 

+ ^ (( w {w^-' • Vi} {V2 • W-^} V3 

1=2 



+ (( W {W^-i • Vi} V2 V3 ))^ + (( W Vi {V2 • W'^-^} Va ^ 

This lemma follows from the following form of the first derivatives of the generalized 
WDVV equation 

(({Wl.W2}>V3W4>V5))o = (({>Vi.>V3}>V2W4>V5))o 

+ ((WiW3{>V2«>V4}>V5))o 
-((WiW2{W3«W4}W5))o (40) 

for any vector fields Wi, . . . , W5. A similar lemma on the small phase space was proved 
in ||L1|| . The same proof also works here on the big phase space. 

Corollary 3.16 For all primary vector fields W, V, and k >0, 

k 
i=l 

Proof: Since S = S — T{r_{S)), by Corollary and Lemma p..8| , 

= ((5>VV7"))o7.-r-(5)«W.V 
= -r_(5)«W«V 

if W and V are primary fields. This proves the corollary for A; = 0. Similarly since 
X = X- T{t^{X)), by Corollary [T^, 

((xwvr))^ia 

= {{XWVr))ol»-r4X)*W*V. 

By equation (^) and equation (^6|), 

{{xwvr))^7a 

= ~x •w»v»T4S)-w»v»{g*s)-g*{w»v) 



This proves the corollary for k = 1. For k > 2, the corollary follows from Lemma p. 15 
and equation (|39D . □ 
In particular, we have 
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Corollary 3.17 



fc— 1 n+m+k—l 

i=0 i=n+m 

m+k—1 n+k—l 

i=m i=n 

for n,m,k > 0. 

4 Virasoro vector fields 

In this section, we study a sequence of vector fields on the big phase space obtained from 



the string vector field by recursively applying the operator R defined in Definition |3^ . 
We will show that this sequence of vector fields satisfy the Virasoro bracket relation and 
arise naturally in the study of higher genus Virasoro conjecture. For this reason, we call 
these vector fields Virasoro vector fields. 
Define the k-th. Virasoro vector field by 

C,:=R'+\-S) (41) 



for k > —1. Here £_i should be understood as —5. By Theorem p^ , these vector fields 
satisfy the following interesting property 

Lemma 4.1 

for all n > —1. 



Moreover Lemma p. 12| and Lemma pTq make it simple to compute the covariant derivatives 
of these vector fields. In fact, we have the following 

Lemma 4.2 

V^vCk = T.R''+\W) -{k+ l)R\W) 

for any vector field W. 



Proof: By Lemma 1.8 



= -Vw5 = r_(>V). 
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This proves the lemma for k = —1. We now prove the lemma by induction on k. Suppose 



that the lemma holds for k = n. Then by Lemma |3.12| and Lemma |3.11 



= R {r_i?"+^(W) -{n + - G * (W • Cn) 

= T_i?"+2(w) _ g ^ i?n+i(>v) _ (n + 2)i?"+i(W) - G * • Cn). 

The lemma follows since by Theorem p.9| 



□ 

Since covariant derivatives commute with the operator r_, we have 
Corollary 4.3 

Vw = r™+ii?'=+i(>V) - (A; + 1)t"'R^{W) 

for any vector field W. 

A special case of this corollary is the following 

We can use this formula to compute the brackets of vector fields r^Ck- For example, 
when m = n = 0, we have 

S/c, = r_{Ck+j+i) -{k + l)Ck+y (42) 

Since [Cj, Ck] = V Cj J^k - A', we have 
Corollary 4.4 

[Cj, Ck] = {j - k)Ck+j 

for k,j > -1. 

In other words, the sequence of vector fields {Ck = R^~^^{—S) | A; > — 1} form a half 
branch of the Virasoro algebra. More generally, in view of Lemma |3.11| , the more general 
class of vector fields {r™(£fc) | m > 0, k > —1} seems generate a VF-type algebra. 

In some cases, it is more convenient to use the following formula for covariant deriva- 
tives of the Virasoro vector fields. 

Lemma 4.5 

k 

VwCk = i?'+V_(>V) + ^ R\G * {X"-' • W)) 

1=0 

for any vector field W. 
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Proof: This follows from Lemma |4.2| by interchanging positions of r_ and using 
Lemma □ 

Since T(VV) • V = for any vector field V, one application of Lemma [4.5| is the 
following 

for any vector field W. In particular, 



VTimCk = R'-^\W) (43) 



Therefore 

[T(£J,T(A)] = 

for all m,k > —1. Moreover, the two sequences of vector fields {C^ \ k > —1} and 
{T{Ck) I k > —1} together form a Lie algebra isomorphic to the Lie algebra spanned by 
{t"^dt, \ m, k > 0} as operators on the space of functions on the unit circle, where t is 
the standard coordinate on the circle. The isomorphism between these two Lie algebras 
is given by the map 

for k > —1. To verify this statement, we only need to check the bracket relation 

[T{Crn), A] = (m+ l)T{Cm+k)- 

This follows from the fact that VT{c,n)'^k = 'C.m+k+i by equation p3|) and 



T{T_{Cm+k+i) - (m + \)T(^Cm+k)) + C-m+k+l 
(m + l)T{Cm+k) 



by equation (^), Lemma |4.1| and equation (y). Similar computations show that 
and 

for all m,n > 1 and j, k > —1. Therefore the set of vector fields {T"^{£k) | m > 0, A; > 
— 1} is closed under the Lie bracket (and consequently forms a Lie algebra) due to the 
following fact 

Lemma 4.6 

RT = TR + T^. 
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Proof: For any vector field W, 



RT{yV) = Tt_RT{W) + RT{W) 



by equation (1). Since RT{W) = A" • T{W) = 0, by Lemma |TT 



RT{W) = T{RT_T{W) + g*T{W)+T{W)) =TR{W) + T\W). 



The lemma is thus proved. □ 

Let d^^ be the integral operator on the space of functions on the unit circle, where t 
is the standard coordinate on the circle. Then as operators, 



Therefore the map 

for k > —1 and m > 1 defines an isomorphism between the Lie algebra {T''^{Ck) \ 
m > 1, k > —1} and the Lie algebra of integral operators jt'^ (^*~^) \ iT^,k > o|. Since 
Ck = R^^^i^C-i), we see that under this isomorphism, R corresponds to multiplying by t, 
and T corresponds to composition by d^^ on the space of pseudo-differential operators on 
the unit circle. As a left inverse of T, r_ might be expected to correspond to df. However, 
the commutator of r_ and R is not quite the same as the commutator of dt and t due to 
the twisting given by ^ * in Lemma |3.11 . 



To see the connection between vector fields with the Virasoro conjecture, we ex- 
plicitly compute the first several Virasoro vector fields and obtain the following 

Theorem 4.7 

C-i = -S, 
Co = -X-ih + l)V, 

£i = 5](m + 6,)(m + 6, + l)Cr^+i(7,) + ^ (2m + 26„ + l)CfCT^(7/3) 

in,a m,a,l3 

+ E (C')^Cw(7/3)-E^«(&<.-l)((7"))o7a, 



+ {^("^ + baf + 6(m + 6,) + 2} Cr^+i(7^) 



m,a,f3 



m,a,f3 m,a,l3 

-YUbl - l){((ri(7.) ))o7° + ((7"))o^i(7a)} - Y^ ' 1)^^" ((7a))o7''. 

a a,l3 
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Proof: The first equation is just the definition of The second equation is precisely 
equation (|35D . The genus-0 quasi- homogeneity equation and the dilaton equation implies 
(cf. ^ Lemma 1.2 and 1.4]) 



((A7"))o = -(l-U((7"))o-C|t^. 
The genus-0 Li-constraint (cf. |[LT] , Formula (23)]) implies 

(( ^1 r ))o = -(1 - ba){2 - 6„) (( n(7") ))o - (3 - 26„)C| (( 7^ ))^ - (C^) 



^13 
13 '-0- 



Using these formulas and the definitions of operators T and R, it is straightforward to 
check the last two equations in the lemma. □ 



From the formulas is Theorem [4.7| , we see that C^i and Cq are the first derivative parts 
of the first two Virasoro operators defined in ||EHX|| . These vector fields were considered 
in ||L'1]| . The first derivative parts of the Virasoro operators Li and L2 are also considered 
in [LT| and played important role in the proof of the genus-0 Virasoro conjecture. These 
vector fields are the same as the linear parts of formulas for £1 and £2 (omitting the 
finitely many terms containing genus-0 1-point functions). The formulas for Ci and £2 



as given in Theorem [4.7| do coincide with the corresponding vector fields used in ||DZ2 



and ||G2|| . These vector fields arise naturally when studying Virasoro conjecture of genus 



bigger than 0. More explicitly, for g > 1, the genus-f/ L„-constraint just computes (( £„ ))^ 
in terms of data with genus less than g. This is true not only for — 1 < n < 2. For n > 2, 
this follows from Corollary [4.4| since the first four Virasoro vector fields generate all others 
by taking iterating brackets. 



We can now also give a new interpretation for Lemma 4.1. Using the formulas in 



Theorem |4.7| , we see that the most important cases of this lemma, i.e. 

Ci ~ -X^ and C2 ~ -X\ (44) 



are special cases of ||LT| , Equation (19) and (26)], which are crucial steps in the proof of 
the genus-0 Virasoro conjecture. Because of equation (|^) these relations are equivalent to 

C~i = -X^ and A = (45) 

which are special cases of ||L'l] , Lemma 3.1 and Lemma 4.2] due to equation (^ and 



LT| , Lemma 1.4]. We notice that Lemma |4.1| also follows from equation ( ^4]) due to 



Theorem |3.1| . As we see from [|LT|1 , equation (|4^ ) is equivalent to the second derivatives of 



the genus-0 Li and L2 constraints. Therefore, we can interpret Lemma [4.1| as the second 
derivatives of the genus-0 Virasoro conjecture. As explained in ||LT]| , the second derivatives 
of the genus-0 Virasoro constraints imply the genus-0 Virasoro conjecture because of the 
dilaton equation. We notice that in the proof of Theorem |4.7| , the formula for Lk is derived 
only using genus-0 Lfc_i-constraint. Therefore one can modify the proof of Theorem 
to give a new proof to the genus-0 Virasoro conjecture using Lemma 



To prove higher genera Virasoro conjecture, one needs to compute (( £„ ))^. Applying 
equation (BB) to and consider the genus-(7 topological recursion relation, we see that 
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it is important to understand vector fields T^J^{Cn)- For m = 0, rH^^Cn) = C.n = — A" 



by Lemma [4.1|. We will see that when m > 1, all such vector fields can be expressed in 



terms of certain twisted quantum powers of the Euler vector field. We have the following 
Theorem 4.8 



jor all m > 1 and n > —1. 

Proof: Using Lemma |3.11| , we can prove inductively that 



for all m > 1 and n > — 1 . The theorem then follows from Theorem 13.91. □ 



Recursively applying Theorem [4.8| and Lemma [4.1| , we can express r!!*(£„) in terms of 
twisted quantum powers of X for any m > 0. Here the twisting is given by the operation 
Q*. Such twisting is actually very important since it forces the sequence of vector fields 
{r!"(£n) I 1^ > —1} obey different linear relations for different m. This would make 
the span of vector fields {Z]-m=o ^"*(''"^('^")) I — large enough for each fixed k, 
and consequently make the Virasoro conjecture more interesting. We omit the explicit 
formulas for rH^^Cn) for m > 1 as it is not needed in this paper. To study the genus-2 
Virasoro conjecture, we need the formula for m = 1. In this case Theorem [4.8| have the 
following form 

r_(£„+i) = X . ^(Zj * 

for n > — 1. Recursively applying this formula, we obtain 
Corollary 4.9 

n 



T_(/:„,) = -A'"^ •r_(5)-(n + l)A'"-^ X' •{Q* X' 

j=0 

for all n > 0. 

Note that for m > 1, r!"(iS) is zero when restricted to the small phase. Therefore, on the 
small phase space, the first term on the right hand side of this formula will disappear. 
It will be useful later to have a formula for covariant derivatives of r_(£fc). 

Corollary 4.10 

k 
i=0 



VT{w)T-{Ck) = x''^*T^{w) + {k + i)x*w + Y.^'*iG*^^ '•^)) 



for any vector field W and k> —1. 
Proof: By Lemma Corollary |1.7| , and equation (|3 



Vrmix'' • {g * x"")} = -x'' • {g * {w • x"")) 

for any vector field W. The corollary then follows from Corollary and Corollary |3.6| . 
□ 
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5 Applications to the Virasoro conjecture 
5.1 The Virasoro Conjecture 



We will not describe the original version of the Virasoro conjecture as given in [ EHX . 
Instead we will use the following formulation of this conjecture 

(( l^n ))g = Pg,n 

for g > and n > —1. One of the advantages of this formulation is that the sequence of 
vector fields £„ has a simple recursive definition (see equation (^iD ). The L_i-constraint 
is just the string equation. Lo-constraint was discovered by Hori and is a combination of 
the quasi- homogeneity equation and the dilaton equation. Therefore for n = —1 and 0, 
it is easy to figure out Pg^„ from these equations. For the Li-constraint, we have 

Po,i = E - ba) ((7. ))o ((7" ))o - E ^ {C') Xt^ 

and for genus g > I 

= - E ^^"(1 - b^) I (( 7. 7" )),_! + E (( 7« )). (( 7" 

a ^ [ h=l 

For the L2-constraint, we have 

a 

+ E ^(1 - sfe^cf (( 7, ))o (( 7" ))o - 1 {c')^^ rX, 

a,f3 



and for genus g > 1 



= -E^"(l-&')^(^l(7«)7")),-l + E((^l(7«))).((7"V. 

h=l 



1 



+ E ^ (1 - ^b'M I (( 7/3 7" + E (( )). (( r 

a,f3 ^ I h=l 



Since Lfc-constraint is generated by Li and L2 constraints for A; > 1, this information 
suffices to determine the entire Virasoro conjecture. 

It may be desirable to have a description of pg^n in terms of recursive operators. For 
this purpose, we define 

R^(W):=g* r+(W) + 
for any vector field W. Then for n > 1, 

1 n— 1 n—l—i 

PO,n = ^E E {{{KiG*C\ja))}))^{{{Rl-'-'-\G*r)} 
^ j=0 j=0 
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and for g > I, 

n—l n—l—i 



^ i=0 j=0 



-| n—L n—L—i f 



S-1 



h=l 



g-h 



Note that for g > 0, Pg^n depends only on the data with genus less than g. Therefore the 
genus-(7 Virasoro conjecture just computes (( ))^ in terms of data with genus less than 
9- 

One might also formulate the following weak Virasoro conjecture: {{ Cn ))g can be 
explicitly expressed in terms of data with genus less than g for g > 1 and n > — 1. 
This weak version of the Virasoro conjecture makes sense for all compact symplectic 
manifolds while the original version requires non-trivial topological conditions. From the 
computational point of view, once the weak Virasoro conjecture is proved, it will have 
the same computational power as the original Virasoro conjecture. This weak Virasoro 
conjecture can be generalized to the following weak W-type constraints: (( T'^{Cn) )) can 



a 

be explicitly expressed in terms of data with genus less than g for g > I, n > —1 and 
m > 0. The computation of rH^^Cn) in terms of twisted quantum powers of the Euler 
vector field in Section § might be thought of as the genus-0 part of the 14^-constraints. 
While the work in [ pZ2|| implies the genus-1 part and results in this paper imply the genus- 



2 part of the weak VF-constraints for manifolds with semisimple quantum cohomology in 
a rather trivial way, the H^-type constraints would be interesting only when the Virasoro 
conjecture can not completely determine the generating functions. 

The relationship between the quantum powers of the Euler vector field and the Vira- 
soro vector fields as revealed in Lemma [4.1| may be thought of as an interpretation of the 
second derivatives of the genus-0 Virasoro conjecture. Vector fields X'''^^ are also closely 
related to the genus-1 Virasoro conjecture. In fact, equation and (p!3| ) implies 



= ((r(r-(A))))i + ((L,))^ 



Therefore the genus-1 L^-constraint can be written as 



It can be shown by using the genus-0 topological recursion relation and Lemma ^]T] that 
k + 1 ' ^ 



I ^« »o + I E Kb, (( 7« 7^ », (( 7. T \ . 



Pl./s o w - - ' //" ■ zL 

^ 1=0 



Together with Corollary |4.9| , this explains the mysterious formulas in |[L1|| for ((^ X '^^^ ^ ^ 
on the small phase space. 
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Since the genus-1 topological recursion relation is very powerful, the genus-1 Virasoro 
conjecture can be studied just using the quantum product on the small phase space. 
However, it seems that it is necessary to use the quantum product on the big phase space 
to study the genus-2 Virasoro conjecture since the genus-2 topological recursion relations 
are not strong enough. In fact, by equation (Bl), 



£fc = Cu + T{T.{Cu))+T\Ti{Cu)). 
So by the genus-2 topological recursion relation (|19]), 



= -((A'^'-^))^ + ((r(r_(£,))))^ + Ai(ri (£,)). (46) 

The second term on the right hand side contains descendant vector fields which seems can 
not be reduced to primary vector fields by the known topological recursion relations. It is 
expected that the situation would become worse at higher genera. Therefore we believe 
that the study of structures on the quantum product on the big phase space is essential 
in the study of the higher genera Virasoro conjecture. 

Due to Corollary |4.9| , the second term on the right hand side of equation (^) can 
be expressed in terms of quantum powers of the Euler vector field. This is also true for 



the last term on the right hand side of equation (^) because of Theorem O and the 
following formula 

AAW) = A,(W) + i(({MW)«7<.«7°})); 

+So • ^° -"^ ))o + ^ • ))o 

1 

1152 



+ TT59 (( • 7« • 7"} 7/. ))„ • (47) 



This equation follows from the definition of Ai, Corollary TJ:, equations (^) and (|T^. 



In the rest of this section we will study the genus-2 Virasoro conjecture. We also solve 
the genus-2 generating function in terms of genus-0 and genus-1 data for manifolds whose 
quantum cohomology is not too degenerate. 

5.2 Reduce the genus-2 Virasoro conjecture to the genus-2 Li- 
constraint 

In this subsection, we prove that the genus-2 Virasoro conjecture can be reduced to the 
Li-constraint provided that the genus-1 Li-constraint is satisfied. Note that the genus-1 
Li-constraint holds if and only if the genus-1 Virasoro conjecture holds (cf. ||L1|). For a 



discussion of some sufficient conditions for the genus-1 Virasoro conjecture, see ||L1|| and 
Define 



L2 
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Then genus-2 Lfc-constraint have the following form 

tpk+l = Ai{Tl{Ck)) - P2,k- 

We first apply equation ( [2T| ) to the case Wi = X and obtain 



Since 

T{X) X'^ 
and 



nx'){{x)),-{{{vT^^.)X] 



i3h + 2){{T{X')))^ + {{T{g*X\ 



X' 



we have 



where 



B{X,X,X) = 2((X^)) -3T{X)((X 



;t(V: 



(49) 



Vi = 2{{XXX-f'' ))o 7„ + 3(3fei + 2)X^ -3g*X^ 



Using this formula, we can prove the following 
Lemma 5.1 If the genus-2 Li-constraint holds, then 

^3 = UA,{VTix)rl{C,)) + A2{X,r^{C,))] + \B{X,X,X)-^-T{X)p2^r. 



Proof: We first observe that by Lemma p.l4|, Corollaries 4^ and 4.10 , and equation 
the vector field Vi defined after equation (^Qf ) also satisfies 



Vi = 2 r_{C2) - 9 A' . T_(£i) - 3 VTmr_(£i 



Secondly, by equation 



r(r_(W)) = T+(r_(>V)) - r+(T_(W)) = W - W 
for any vector field W. Therefore by Corollary ^.3\ 

r(A')A(r!(A)) = A2{x,T{rl{C^)))+A,{VTix)r^_{C,)) 

= A2(A',T_(£i)-^(£0)+Ai(Vr(A')r!(/:i)). 
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Moreover, by equation 

r(A')((T(MA))))^ = ((r(A')T(MA))))^ + (({vTwr(MA))} 



If genus-2 Li-constraint is satisfied, then 

X' ))^ = (( T(MA)) )), + A,(r!(/:0) - P2,i. 



2 W ' " " // 2 

Tfie lemma tfien follows by plugging this equation into equation p9|). □ 
Lemma 5.2 

Vr^r^ (£1) = -r^ (£2) + (61 + l)r_(/:i) + 2(6i + l)/:o - 2(6i + 
Proof: By Lemma and the fact that covariant derivatives commute with r_ 



Since 15 = 0, by Lemma 



r_/?(r') = i?r_(I?) +V = R{S) +V = -Co + V. 

So 

t.Rt_R{V) = -T_{Ci) -Co + V 

and 



rlR^iV) = T^Rr^RiV) + r_(^ * R{V)) + T_i?(I?) = -r_(£i) - 2Cq + 21?. 
The lemma follows. □ 
Lemma 5.3 

and 

M^o) = -^((K.7"}))i((7«))i-^((K.7"}7«))i 
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Proof: The formula for Ai{V) follows from derivatives of the dilaton equation 

for any vector fields Wi, . . . , Wk- The formula for Ai{Co) is obtained by applying deriva- 
tives of the Lp-constraint 

k 

{{Com---m)), = -E((>^i---K^(>^0}---w,))^ 

i=l 

+M( >Vi • • • ))g - 5,,oVtv,,.,w. (^C^^^o^o) 

to remove Cq from genus-0 correlation functions with more than 3 points and genus- 1 
correlation functions. □ 

To compute B{X , X , X), we need the following 

Lemma 5.4 If genus- 1 Li- constraint holds, then 

+ {lhi^-h) + ^i^- ba){2 - 6j} (( 7° 7/^ 7^" ))o 
+ (( {t.{C,) . 7"} ))i + ^ (( ^-(^i) 7" 7/3 )), 

and 

{{X'n.))^ = 2(l-6„ + M((A'7°70)„((7a7;3))i 

+ {(1 -b. + bp){2 - 6„ - hp) + b^ib^ + 1)} (( 7° 7. 7^ )), (( Ip ))i 

+ 1^6^(1 - bp) + ^(1 - 6«)(2 - 6.) + ^6„(6„ + 1)} {{lo^Tlpl^ )) 

+2 (( {r_{C,) . 7"} 7. ))i + (( r-(^i) 7" 7« )) , (( 7;3 ))i 

+ ^((-r-(A)7a 7^7/3 70>o- 
Proof: First observe that 

X^ = -C, = -C, + T{T_{Cr)) 

and 

v^,A = v^^i?(£o) = i?(v,^/:o)-6^*(/:o«7M) 

= X*{h^^^)+T{T^R{h^^^)) + g*{X*^^) 

= ib, + h^) {{ X 7^ 7" ))o la + b,{b, + 1)T(7,). 

The formulas in the lemma are obtained by applying equations ( [T^ ) and (^) and taking 
derivatives of the genus-1 Li-constraint which has the following form 

((A))i = -E^^«(l-M((7.7'^))o- 

□ 
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Lemma 5.5 If genus- 1 Li-constraint holds, then 



5Ai(r!(/:2))-3(6i + l)Ai(r_(/:i)) 

+ i {5b^(^,^ + _ + 21{h + 1)} (( ^ 7" 7^ )), (( la ))i (( 7/3 ))i 
+^ {106.(6. + 6^) - 106. + 6(6i + 1)} (( A" 7" 7^" ))^ (( 7. 7/3 ))i 
{-56j - 156i6j - 276i6^ - 376^ + 114(6i + 1) 

+180(6^ + 6i + 1)6.(1 - 6.)} ((7" 7a 7^ )), 
+ ^(61 + l)(-56^ + 56. + 1) (( 7. 7" 7/3 7^" )), • 



Proof: We first observe that 

T.R{X) = T^R{-Co - (61 + 1)V) = -r^Ci) - (61 + l)r_i?(P) 
= -r_(A) + (6i + l)/:o-(6i + l)I^. 

Similarly, we have 

t_Rt_R{X) = -r!(£2) + (61 + 2)r_(£i) + (61 + 1)^0 - (61 + l)V 

and 



r.i?(T_(A)) = ^'(A 



(A 



Remove X from genus-0 correlation functions with more than 3 points and genus-1 cor- 
relation functions in A2{X,T-{Ci)) and B{X , X , X) using Lemma p.l3| and the above 
formulas. Then use Lemma ^.41 to replace (( 7" ))^ and (( X"^ 7" 7. ))]^. The lemma then 
follows from simplifying the resulting expression. □ 

The last term of the formula in Lemma ^.1| can be computed in the following way 

Lemma 5.6 

-T{X)p2,^ = 6.(l-6.){(({^.7n))i((7.))i + ((K«7"}7.))i} 

+^ |6.(1 - 6.) + ^6^(1 - 6^)} (1 - 61 - bfs) {{rial^ ))^ ((7/3))i 



-^616.(1 - 6.) 



7a 7 7/3 7 



Proof: This formula is obtained by applying equations (|Tj) and ([15|) first, then remove 
X from genus-0 correlation functions with more than 3 points. □ 

To write the prediction of the genus-2 L2 constraint in a form consistent with the 
above calculations, we need the following 
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Lemma 5.7 

E - bl) (( 7a 7" Wi ■ ■ ■ )), = I E ^"(1 - ba) (( 7. 7" Wi ■ ■ ■ ))^ 

a ^ a 

for any vector fields Wi , . . . , Wk ■ 

Proof: The difference of tlie riglit hand side and the left hand side of this equation is 

\Y.UI- &a)(l - 26„) (( 7a 7" Wi ■ ■ ■ Wfe ))g 

a 

= ^E(l-M^/3(-l + 2M^"^((7a7;3Wi ■■■WO), 

= -^E^/3(l-M(l-2M((7^7/5>Vi^^^Wfe)) . 

Here we have used the fact that ba + bp = 1 if rj°'^ ^ 0. Comparing the two sides of this 
equation, both of them must be zero. □ 

Now we can rewrite the prediction of — ((£2)) 2 given by the Virasoro conjecture in 
the following form 



Lemma 5.8 

-P2,2 -- 



\ {-2bl + 26„ + h^hp] (( X 7" 7^ )) J(( 7„ )), (( 7/. )), + (( 7a 7/3 

+ {^6a(l - &a) + ^b/3(l - b,){2 - 6^)} ((7" 7a 7^ ))„ ((7/3 ))i 
+ ^fea(l-M((7a7"7/3 70>o- 

Proof: Applying equation (|T^, (|T3|) and Lemma we have 

E ^"(1 - bl) {(( ri(7a) 7" ))i + (( n(7a) ))i (( 7" ))J 

a 

= E ^"(1 - bl) (( 7a 7/. ))o {(( r ))^ + (( 7" ))i (( 7^ )) J 

a,/3 

+ {^&a(l - 6a) + ^6^(1 - 6/3) (2 - 6^)} (( 7" 7a 7^ ))„ (( 7/3 ))i 

+^6„(1-U((7a7"7/3 7^)V 
By the symmetry of a and the first term on the right hand side can be written as 

E \ - bl) + 6,(1 - b})} (( 7a 7/3 ))o {(( 7" 7^)1 + ((7° ))i (( 7'^ » J 

a,/3 

= E ^ (1 - ^a + 6a6, - bl) {(6. + 6,) (( 7a 7/3 ))o} {(( ^ + (( 7^ ))i (( 1' )) J 



a,/3 2 
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By equation (0), 

(&a + &/3) ((7a7/3))o = i ^ lal p)) Q - ■ 

Since Cap 7^ implies = —bp, 

{l-bl + babp - bl) Cad = (1 - 36^)C„^. 

The lemma then follows from interchanging upper indices and lower indices and using the 
symmetry of a and /3. □ 
We can now prove 

Theorem 5.9 For any manifold which satisfies the genus-1 Li-constraint, if the genus-2 
Li-constraint holds, then the genus-2 Virasoro conjecture holds. 



Proof: Combining the results in Lemmas 5.1 - 5.3, 5.5 and p.6|, we obtain a formula 



for t/j-s. Due to Lemma |5.8| , this formula coincides with the prediction of the genus-2 
L2-constraint. Since L^-constraint is generated by L_i and L2-constraints, the theorem 
is thus proved. □ 

5.3 A recursive formula for i/j^ 

In this subsection, we prove a recursive formula for the function i(jk which was defined in 
equation (|48|) . We first apply equation (0) to Wj = X for i = 1, 2, 3 and ruj > and 
obtain 



+ E {(( nx"') ))^ - (( nx"^') X"' )) J 

i=l 

BiX'''\X"'\X'^'), (50) 



where m = mi + m2 + m^. 



To simplify this equation, we notice that, by Lemma 3.4 



X'^nx')))^ = T(A''=)(( A'"))^-(({V^(-.^A'"} 
= T{x')({x-))^ + {{x-^\^^ 



for any n, k > 0. Hence equation (|50D can be written as 



2 (( X ))^ -2{{X '"^ X X r ))„ (( Tiia) )) 



= B{X'''\X'^\X'^'). (51) 
To simplify this equation further, we need the following lemma. 
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Lemma 5.10 



k-l 



-T-7 k+n—l—i 



)) 



n-1 

-2^((r(A'^.(6?* 

j=0 



i=0 
-T-7 fc+n— 1— « 



)) 



+A2( A- ^ r_(/:„_i)) - A- r_(A_i)) 

for k,n > 0. 
Proof: By equation 



By equation (|^) and Lemma [O 



The lemma then follows from Corollary |4.9| and Corollary [4.1(j| . □ 
Theorem 5.11 For mi,m2, > and m = nii + m2 + m^, 

i=l 

Proof: Plugging (( X^'^^ = ipk + ((^T{T_{Ck-i))^^^ into equation and applying 



Lemma ^.10| , we obtain 

2iljm + 2 {{T{y) )), + ^ {T{X"')i;^^ - T{X"'')^ljm-m,} 

i=l 



1=1 
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where 



y 



m—1. 



-rrjmi ^7712 Q 
X X X 1 



m— m,- — 1 



j=0 



By Corollary p.l7| and Corollary 



3^ = 0. 



The theorem is thus proved. □ 
Corollary 5.12 For any manifold, 

2{k-l)tPk+i-{k+l)TiX)iJk 



= ik + l)A2i X , r4A_i)) -ik + l)A2i X\ r_(/:o)) - {k + 1)T( X ^) A(rf (£o)) 
-5k,oB{X, S,S) + Y. X\ X""') 

for k > 0. Here the last summation should be understood as for k = and k = 1. 



Proof: For k > 2, the formula is obtained by first applying Theorem ^.ll] for mi = 1, 
m2 = j, = k — j, and summing over j = 1, . . . , k — 1, then using the genus-2 L_i and 
Lq constraints: 

^o = -^i(t!(5)) and ^/Jl = Ai{r^_{Co)) ■ 



For k = 1, the formula is trivial. For A; = 0, it follows from Theorem [5.11| for mi = 1, 
m2 = 0, m3 = 0. □ 



Remark: The right hand side of the formula in Corollary |5.12| only depends on genus- 
and genus- 1 data. Therefore once "02 is known, we can compute i/jk recursively from 
this formula for all > 3. This is the main reason why we should expect the result in 



Theorem 5.S. 



5.4 Solving the genus-2 generating function 

In this subsection, we will show that if the quantum cohomology is not too degenerate, 
then the recursive relation in Corollary |5.12| not only determines all functions ipk, but also 
determines the genus-2 generating function F2. In fact, we can give a formula for F2 in 
terms of genus-0 and genus- 1 data. 
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Since at each point, the space of primary vectors is finite dimensional, in a neigh- 
borhood of a generic point, there exists an integer n such that {X \ k = 0, ■ ■ ■ ,n} are 
hnearly independent and 

n 

rn+1 



^ =E/^'^' (52) 



1=0 

where fi are functions in an open subset of the big phase space. Multiplying both sides 


by , we have 

n 

-n+l+k J, -^i+k 

1=0 

for any A; > 0. 
Lemma 5.13 

T{W)U = 
for any vector field W and i = 0, . . . ,n. 



Proof: Taking derivative of equation ( [5^ ) along the direction T(W) and using Lemma |3^ , 
we have 

n n 
1=0 i=0 

The lemma then follows from equation (p2D. □ 
Define a sequence of vector fields 

y,:=j:x'.{{g-lz)*x'-'-') (54) 

where Z is defined by equation (|33|). As explained in [^2|], in order for the genus- 1 
Virasoro conjecture to hold, the sequence of genus-0 functions representing ^ as 

predicted by the genus- 1 Virasoro conjecture must be compatible with the linear relation 
(p^) (this condition was called the algebraic compatibility condition in [C^|). Considering 



this fact and the precise formula for yj ^ as given in ||L1|] , it is reasonable to make 



the following assumption: 

n 

This assumption is satisfied for all manifolds with semisimple quantum cohomology (cf. 



L^). Moreover this assumption implies the algebraic compatibility condition for the 



genus-1 Virasoro conjecture. To see this, we define for any vector field W, 
y,{W) = E • ((^ - ^^) * (W • X'-'-')). 



44 



Then ykiVV) = — VT{w)3^fc by Corollary |T]^, Lemma |3]^ and equation (^). Therefore 
taking covariant derivative with respect to r(>V) on both sides of equation ( ^5|) and 
using Lemma |5.13| , we obtain 

n 

yn+lm=T.f^y^i^)■ (56) 

i=0 

Moreover, since 

yk+i = vkix) + • {{g - ]^z) * 5), 

equation (|56|) and equation (|^) imply that 

n 

yri+l+k = Y^f^y-^+k (57) 

for all A; > 0. Therefore we also have 

yn+l+km=^lfiy^+km (58) 
1=0 

for all A; > 0. When restricted to the small phase space, the formula for ((^ X^"^ ^as given 
in | JL1[ | is a linear combination of the trace of the map W i-^ W • 3^^ and the trace of the 
map W ^ yk{{G — \Z) * W). Therefore the genus-1 algebraic compatibility condition is 
satisfied. However, we will not use the genus-1 Virasoro constraints in this subsection. 
Now we come back to the genus-2 Virasoro conjecture. By Corollary |49| , 

r-{Cu-i) + = . r_(5) - y^. (59) 

Define 

Then by equation (|59D , 



ijjn+l+k = fi^i+k (60) 
i=0 



Therefore equation (|57|) implies 



for every k > 0. Repeatedly applying this equation, we have. 



_ n+l _ 

1pn+l+k = J2 Ki'^i (61) 
i=l 
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where bk,i is given by the recursion relation 

Ej^^o fj+n^k+ibj+i,i for l<i<k, 
fi-k-i + Eto fj+n-k+ibj+i,i for k + 1 <i <n + l 



bk+i, 



and 

bi,i = fi-i 

for 1 < i < n + 1. 

Lemma 5.14 For every k > 0, 



^ f n + k i + k-l\ J 



where 



'''-h 2(n + ^ + 2) 2(z + fc+l) +4,oyi?(A',5,5). 

Proof: By equation (|^, 



T{X)((T{X ))^ = {{t{X )T( X ))^ + (( V^(:^)T( A' '^-^j ^ 



By equation (^), Lemma O and Lemma O 



Hence by Corollary [5.12 



r(A')^. = ^|^t^,+i-3((T(A'')))^-/., (62) 



where 



3 



rfe-l 



+ kTl ^' ^) + E ^(^' ^'"') ) ■ (63) 

On the other hand, taking derivative of equation (|60| ) along the direction of T{X) 
and using Lemma |5.13|, we have 



T(A')^„+fc+i = ^/,r(A')^,+fc. 



i=0 
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Applying equation (|62D to both sides of this equation and using equation (|60D and equa- 
tion (1^), we obtain 



E 

i=0 



n + k i + k — 1 



i+k+l 



n + k + 2 i + k + 1^ 
Moreover, equations (0), (0) and (|57D imply that 

1 



hn+k+l '~ E fi^i+k 
\ i=0 J 



hn+k+l ~ E f'i'^ 



i+k 



9k- 



i=0 



The lemma is thus proved. □ 

Applying equation (pT| ) to replace every ipk with k > n + 1 in Lemma 5.14 by linear 
combinations of . . . , 4'n+i, we obtain the following 



Corollary 5.15 For every k > 0, 



n+l _ 

E = 9k 

1=1 



where c^^i are given by the recursion relations 

-:;^:^^h+i,i + Ej=d -p^fj+n-k+ihj+i,i for 1 < i < A;, 



Chi = < 



and 



n+k+2 



^ bk+i,i + -Ji-k-1 + ELo TT^/i+n-fc+i&i+i.i for k + l <i <n + l 



n 



i - 2 



n + 2 



i-1 



for 1 < z < n + 1 . 

The following lemma will be proved in the appendix. 

Lemma 5.16 The matrix (ck^i) with < k < n and l<i<n + lis invertible if and 
only if the matrix 

f X fo, X fo, . . . , X fo \ 

/l> ^ Jl; • • • ; ^ Jl 



\ ^ fn, ^ fn, 



is invertible. 



Remark: The columns of the last matrix in this lemma are given by the coefficients of rep- 

rO 



resenting the vector fields Zi, . . . , Zn+i defined in pl4|] and [p2| in terms of X 



X' 
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Theorem 5.17 Assume that equation (|5^ holds. If the polynomial 



p{x) 



X 



n+l 



n 
i=0 



does not have repeated roots at generic points, then the generating function for genus-2 
Gromov-Witten invariants is given by 

1 1 1 " 

F2 = ^A^ir^S)) + -A^ir'iCo)) - - E W 

fc=0 

where {Xi,k) is the inverse of the matrix (cfc,i) with < k < n and 1 < z < n + 1 and gk 
is defined in Lemma |5. 14 - Moreover for 2 < i < n + 1, 



n ^ n ^ 

1) E ^hkgk - -T{ X ) E K-i,kgk - -hi^i 

k=0 ^ k=0 ^ 



where hi is defined by equation (^). 

Proof: If the polynomial p{x) does not have repeated roots, then by Lemma |5.16| and 
P^ , Lemma 3.4], the matrix (cfc^j) with < k < n and l<2<n+lis invertible. Let 
(Aj^fc) be the inverse of this matrix. Then by Corollary |5.15| , 



fe=0 



for z = l,...,n + l. By definition of ipi and the genus-2 Lo-constraint 

nS)))^ = - (^1 - ^i) = o Mr' {Co)) - E K>^9k ] ■ 



k=0 



Since 

V = T{S) =T{S) + T^{t4S)), 
by the genus-2 dilaton equation and equation (|T^ 



m)2 = l{{{ns)))^+A^{r_{s))}. 



F2 = ^{{V 

Therefore we obtain the desired formula for F2. Moreover, by equation (|6^) , we have 



1 _ ~ 2(k 
3 ^ 3{k+l) 



^) 7 \ 
Wk+i ~ 3"fc 



for 1 < A; < n. The formula for tpi is then obtained by using the definition of i/ji. The 
theorem is proved. □ 

Remark: (1) If the quantum cohomology of the underlying manifold is semisimple, 
the conditions in Theorem |5.17| are satisfied (cf. |P^1|| [0]). So in this case, we obtained 
an explicit solution for the generating function of genus-2 Gromov-Witten invariants. (2) 
The conditions in Theorem ^.17| is a sufficient condition. With careful analysis of the 
equation in Corollary |5.15| , one expects that the condition can be weakened to similar 
conditions as in ^1] and [C2 . 
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A Appendix: 

Define 



Proof of Lemma |5.16| 



5, 



fc+i 



bk+i,2 



Ck 



Cfc,2 



( \ 



/o 

\ In-k j 



for A; = 0, . . . , n. Let 

if = Diag(l,2,...,n + l) 
be tlie (n + 1) X (n + 1) diagonal matrix wliose diagonal entries are 1, 2, . . . , n + 1 and 

i/-i = Diag(l,J,...,^^ 



n + 1' 



Tlien and Ck satisfy tlie recursion relation 



fc-i 



i=0 



and 



Let 



2 k—i 2 



Cfe = 2if ^Dk — 





1 


-1 


fn 


/n-l 


fn-2 


■■ /2 


/l \ 









-1 


fn 


fn-1 


■■ /3 


/2 


M = 










-1 


fn 


■■ /4 


/3 


















■■ -1 


fn 




\ 











■■ 




of M fias the following form 










/ ao 


ai 


a2 


as ■ ■ 













ao 




a2 ■ ■ 






M-^ = 










ao 


ai 


■ 


ftn-2 















■■ 


■ ao 


ai 






I 








■■ 


■ 


ao 



where ao = — 1 and for 1 < A; < n, 



k-l 

O'k = ^ CLifn-k+i+1- 
i=0 



(64) 
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Equation (p3) implies that 



1 



k-l 



n 



Let 



1=0 



Co — 2^0, 
_ 1 1 '^^i /'^^i 

Ck = -Ck — - ^ X! fj+n-k+lO-j-i ) Q 
^ ^ i=0 Vj=i 



for 1 < A; < 77, and 



Vo=in + 2)HCo, 



Vk = H\{n + k + 2)Ck~ + k-t + 2)fn-i+iCk- 
[ 1=1 

for 1 < k < n. Then 

det (Co,Ci,...,C„) ^0 
^ det (Co, Ci,..., a) ^0 
^ det(yo,Vl,...,K) 7^0. 

Moreover, using equation (^), we obtain 

fc-i 

Vk = in + k + 2)Dk -H-Dk-Y. Pk-jDj 

j=0 

where 



(65) 



(66) 



(67) 



Pk '■— ifn-i+ldk-i- 

On the other hand, the recursion relation in ||L2| , Lemma 2.3] can be written as 

XDk = {n + k + 2)Dk- HDk, (6^ 



and 



Since Dk is obtained from Dq by a simple shift, recursively applying this formula, we 
obtain 



fc-2 



x''Do = J2{x' ' Vn) A+ A-D 



fc-1- 



(69) 



i=0 



Lemma A.l 



X'^fn = -Pk 



for k > 1. 
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Proof: The lemma is true for A; = 1 since X fn = fn = —pi- Assume the lemma holds 
for 1 < /c < m. By equation (|6^), 



m—1 



Jn J n—m T / ^ Jn—i Jn- 



i=0 



By the induction hypothesis and equation (|68|) , 



m—1 m—i 

^ fn ('^ ~l~ fn—m ^ ^ fn—i ^ ^ 3 fn—j-\-l^m—i—j 

i=0 j=l 

m m—j 
(?Ti -|- l)/n— m ^ ^ j fn-j+l ^ ^ fn—i^^m—i—j- 



i=0 



By the recursion relation for ak, 



^ fn — ij^ + ^)fn-m ~ ^ i/n-j+l^m-j+l — ^Pm+1- 

So the lemma is proved by induction on k. □ 

Lemma IKA\ and equation (|67|) , (|68D , (|69|) implies that 

\4 = :^'^'do 



for < A; < 77,. Therefore Lemma 5.16 follows from equation (|6q). 
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